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Abstract. In this work we investigate the spectral statistics of random Schrodinger operators 
H‘^ = -A + + \n\^)qn{oj)\6n){6n\, a > 0 acting on where {qn}n&zd- are i.i.d 

random variables distributed uniformly on [0,1]. 
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1 Introduction 

We consider the random Scrodinger operators with unbounded potentials given by 

= {1+ \n\°') qniu) \5n){Sn\ with a > 1, (1.1) 

on the Hilbert space The set {6n ■ n E is the standard basis for the Hilbert space, 

1 

|n| = ( ^ n?) 2, {qn}n are i.i.d random variables distributed uniformly on [0,1], and 

{Ho4>){n) = X (f>{n) - E P(Zh, \\Ho\\ = M, (1.2) 

|n—m|_p=l 

= 2d u{n) — u{m) = 2du{n) — (Au)(n). 

|n—m| +=l 

Where |n|+ = ^ |nj|. We realize qn{oj) as a random field on H and let P be the 

product probability measure on H. Henceforth we will use V'n(a^) = bnq-ni^) where bn = (l + |n|") 
and we write 

V{U) = X Vn{0j)\5n){5nl 


SO one can express H‘^ as 


= 2d- A + V{uj). (1.3) 

The spectral theory for the operator (II.ip was studied by Gordon-Molchanov-Tsagani [I8] for 
one-dimension and Gordon-Jaksic-Mochanov-Simon m for higher dimension. 


We require some results from m to formulate our problem. Following their notation, set C{X) 
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for X C to be the set of all cj) E with supp 4> C X. The form & associated to Hq is 

defined by 




Denote 


(n,m) 
n—m|+=l 

(1.4) 

A(X) = inf 
ll<>ll=i 

</>eC(x) 

(1.5) 

II 

(1.6) 


where are connected (there is a path between every two points) subsets of Z*^ with = k. 
Then {afc}fc>o (set oq = oo) is a strictly decreasing sequence of positive numbers. We denote 
to be the restriction of to the cube = {(ni, n 2 , • • • , n^) : |nj| < L} C Z'^ and 

N‘^:iE) := #{j : Ej < E, Ej E amj}, E gR. 


Following results are recalled from Gordon-Jaksic-Molchanov-Simon m- 

Theorem 1.1 ( [171 Theorem 1.2]). If d/k > a > d/{k + 1) for positive integer k, for a.e ui 

(i) = app{H‘^) and eigenfunctions of H‘^ decay at least exponentially, 

(a) aessiH‘^) = [afc,oo), 

(in) if a discin'^) < oo. 

Theorem 1.2 f [T71 Theorem 1.4]). 


(i) If d/k > a > d/{k + 1) and E E (a^, aj_i), 1 < j <k, then 

Nf{E) 


lim ^ , . 
L^oo 

exist for a.e to and is a non-random function. 


= N,{E) 


(a) If a = d/k and E E {aj,aj-i), 1 < j <k, the above is valid. If E G {ak,ak-i) then 

Nf{E) 


lim 


= Nk{E) 


L —^cxD InL 

exists for a.e u and is a non-random function. 

In both cases, Nj is a continuous function on {aj,aj-i), and 

Nj{E) ^ Cj{E — ajY as E ^ Oj. 

The constants Cj are of combinatorial nature. 

From (|1.5h and (|1.6p it is easy to see oi < 2d. In this work we investigated the eigenvalue 
statistics in the region (ai,oo). Associated with we define the point process 

fL,B = ^Ld-°:(x-E)! (1-7) 

From theorem O it is clear that the average spacing between eigenvalues of in the region 
(ai,oo) is of order since lim exists and non-random a.e lo. Theorem 11.11 make 


L—>oo 


sure that the region under consideration has point spectrum. 
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Our goal is to show that the weak limit of the sequence of point processes g }l is Poisson 

point process with intensity measure N[{E)dx. But for that we need some nice convergence and 
continuity of 

We will work with a > 1, and will focus on G n M where the set G is given by 

G = {z G C : Rez > 2M^,Imz > —d} \ : \z — {bn + 2d)\ < 2M^}. (1-8) 

where we choose M > 2d (so that we can show analyticity of E‘^[G(z; n, n)] in the set G as in 
lemma 18.81 below). 


A portion of set G is shown in Figured) All the analysis 
is done in the connected component which contains the 
set {z : Imz,Rez > 2M^}. It can be seen that the set 
G n M is union of intervals and the lengths are increasing 
as one moves left. On other hand this is not the case for 
a < 1. 


Imz 

C 


G 



Rez 


Figure 1 


When a > 1, the set G H M contain intervals of length greater than 4d. So using remark [2.51 
below, one can get the existence of E such that N{{E) > 0. Remark 18.61 provide the continuity 
of N[ in GnM and so implies existence of intervals {In}n such that Unln C {E : N[{E) >0}. In 
each of these intervals R, Lemma 13.51 provides an uniformly convergence of {/l} , the densities 
of vl (see ()2.2p l to A^(. Set S = Unln where the intervals {In}n as described above. 

Now we are in the position to state our main result: 


Theorem 1.3. Let E ^ S, then the sequence of point process converges weakly to the 

Poisson point process with intensity measure N[{E)dx (Lebesgue measure). So for any bounded 
Borel set B G 


lim ] 
L —^oo 






ni 


for n = 0,1,2,- 


The study of eigenvalue statistics was done by Molchanov m in one-dimension and by Minami 
[32j for Anderson model at high disorder with stationary potentials (see also Germinet-Klopp 
[TB] ). In [H] Dolai-Krishna obtained Poisson statistics for discrete Anderson model with uni¬ 
formly Holder continuous single site potential. Eigenfunction statistics was studied by Nakano 
[84j for continuous model and Killip-Nakano [21] for lattice case with bounded density for single 
site distribution. Dolai-Mallick [30] studied the eigenfunction statistics for Holder continuous 
single site distribution on lattice. 


For decaying potentials (i.e a < 0) the spectral statistics was studied on several occasions. 
Killip-Stoiciu [25| studied the CMV matrices whose matrix elements decay like n““. They 
showed that, for (i) a > 1/2 statistics is the clock, (ii) a = 1/2 limiting process is circular 
/3—ensemble, (iii) 0 < a < 1/2 the statistics is Poisson. Analogues of Killip-Stoiciu|25| was done 
by Kotani-Nakano[26] for the one-dimensional Schrodinger operator with decaying potentials in 
the continuum model and obtained the same statistics for a > 1/2 and a = 1/2. Krichevski- 
Valko-Virag |28j studied the one-dimensional discrete Schrodinger operator with the random 
potential decaying like and obtained the Sine/3-process. In |18] Dolai-Krishna consider 

the Anderson Model with decaying Random Potentials and shown that statistics inside [—2d, 2d] 
for dimension d > 3 is independent of the randomness and agrees with that of the free part A. 
But to best of our knowledge this is the first occasion that spectral statistics was investigated 
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for the model described by m- 


2 Preliminaries 

For any A C we consider the canonical orthogonal projection XA onto f'^(A) and define the 
matrices 

= = G^{z) = m-z)-\ (2.1) 

G{z) = - z)-\ G{z;n,m) = {6n,{H‘^z e C+. 

Note that H'^ is the matrix 

XaH‘^XA ■ ^^(A) —^ ^^(A), a.e u. 

Define 

^l(-) = J^Y1 (2.2) 

tigAl 

where A^ C is the box centre at origin of side length 2L + 1. Note that 

E = E (1 + (2.3) 

nGAi tiGAl 

For any bounded interval I = [a, 6] we have 

In this section we calculate the Minami and Wegner estimate and show the positivity of the 
measure u given by 

Ni{x) = i^{ai,x), for x > ai, (2-4) 

here A^i is defined as in (i) of Theorem 11.21 
We start with spectral averaging estimate for the model (H]). 

Proposition 2.1. Let I = [a, 6] C M 6e a bounded interval and A C Z'^. Consider = 
Xa^oXa +y{^)XA then 

E‘-{{6n,EH^{I)6n)) < vr(l + |n|“)-Vl, n G A. 


Proof. Write as 

^A = I Aa-^^oXa + X] hkqki^)\6k){dk\\ +bnqni^)\dn){bn 


n^k^A 

= H‘;^^^ + bnqn{uj)\dn){6n 
From resolvent equation one has 




{6n, m - z)-^Sn) = 


bnqnieo) + - z)-^n)-^' 

Take z = a + ir G C+ = {z E C : Imz > 0} and set 


{6n, {Hi'" - z)-^6n)-' = c + id, A = K 


\-U \-l 


-1 


,,B = h, 


-1 


d 


^ + df 


> 0, when Imz > 0. 


The above estimate and the uniform distribution of qn on [0,1] gives 
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(2.5) 


J^Im{6n, z) 6n)dfj,{qn) — (^x+A)'^+B'^ d^{x) < 7r5„ 


The following is immediate from above, 


IE^(/m((5n, {HX -a-ir) ^6n)) < 7r6„^ 


— a — 


Using Fubini theorem it follows 



Using Stone’s formula |36l Theorem VII. 13] 

^E‘^[{6nEHx[a,b]Sn) + {dnEHx{a,b)6n)] < 7r6"Vl- 

In particular ({r})5„)) = 0 for r G M. So 

E‘^{{6n,EHx{I)dn)) < 7r(l + |nr)-Vl, uGACZ'^. 


□ 


From the above proposition together with (12.2h and (12.3h we get: 

Corollary 2.2. For any interval I we get 

MI)<C\I\, (2.6) 

where C is a constant independent of L. 

So it is clear that is absolutely continuous measure, we denote it’s density by /l i-e fi = 

Combes-Germinet-Klein [9] (see also Combes-Hislop-Klopp[8]) estimated the Wegner and Mi- 
nami estimates for generalised Anderson Model. The following proposition give the Wegner and 
Minami estimate for the Model (jl.ip . 

Proposition 2.3. For A C Z'’* finite volume and bounded interval I CE we have 



(2.7) 


neA 



( 2 . 8 ) 


The Wegner estimate (|2.7p follows from Proposition 12.11 The proof of ()2.8p goes exactly the 
same way as in [9l Theorem 2.1] once we have (|2.7p . So we omit the proof here. 

Lemma 2.4. If a,b G {Ad, oo) C (ai, oo) with b — a > Ad then Ni{b) — Ni{a) > 0. 

Proof. Define 



^ ^ hnQn{^X 


-L,4d — 4d+ ^ bnqn{oj) 


tiGAl 


nGAi 



(2.9) 
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Using min-max principle we get 

NIaAE) < Nt{E) < Nl,{E). 

Let E = Ad + e, e > 0 then we have 

^L, 4 d{^) ~ ^ ■ Aid + bnQni^) < 4(i + e} 

= #{n G Al : qn{u}) < b~^e}. 

Taking expectation of previous equation 

E-(iV^^ 4 ,(S)) = #{n G Az. : 6-ie > 1} + ^ 

nSAi, 

bn^t<l 


( 2 . 10 ) 

( 2 . 11 ) 

( 2 . 12 ) 


tiGAl 


tiGAl 

fe-h>l 


1,-1 


Since last two terms of the above are bounded, so we get 

tiAl 

Similar calculation for g gives 

lim -^E‘^iNfJE)) = {Ad + e) lim V 6"^ 


(2.13) 


(2.14) 


ugAl 


Let / = [a, 6] C {Ad, oo) C (oi, oo) with a = Ad + €a, b = Ad + et and €b — €a > Ad, then we get 
iVi(6) - N^{a) = lim^^lNtib) - iV^(a)] (2.15) 

= lim !_ E^[Ai^(6) — N‘^{a)] (using Theorerr il.2\ (i)) 

L—^oo " 


1 


- lSL “ ^Lo(o)] (usm^dUnD) 

= kft — ^a — Ad] lim —5 — (1 + |?T,|“)“^ l?i.sina (l2.13h and (I2.14p ) 

L—>-oo ^^ 

ugAl 

= [(-b — (-a — Ad]C > 0. {using (12.31) 1 


□ 


Remark 2.5. From second line of 1(2.15]} and h2. hi) we get, for any bounded interval I = [a, b] C 
(ai,oo) 

Afi(6)-A^i(a)<C|/|. 

In other words the measure v given by Ni{x) = v{ai,x\, x G (ai,oo) is absolutely continuous. 
Now (i) of Theorem \1.2\ gives 

b'Lb/ on (aijOo). (2.16) 

weakly 

If I C {Ad, 00 ) is an interval with |/| > 4d then the above lemma implies 

u{I) > 0, (2.17) 

and so there exists E & I such that N[{E) > 0. 
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3 Regularity of the density of vl 


In this Section we used an idea from Kaminaga-Krishna-Nakamura [25] to prove regularity. In 
the large disorder case, the kinetic energy part of the Random Hamiltonian can be viewed as 
perturbation of diagonal randomness. In such case one can use a random walk expansion, in 
which the expectation of each of the terms turns out to have analytic continuation through 
real axis in a region. In case of growing randomness a similar idea works and the local density 
of states has an analytic continuation. The proves used here are modification of Kaminaga- 
Krishna-Nakamura [ 22 ]. 

For G N, set 


Proposition 3.1. Bi{z) has analytic continuation from to C \ {x + iy : x = 0, a < 0} 
through M\ { 0 ,a}, and inside the region of analyticity we have the estimates 


\Bt>{z)\ < < 


Stt-H 


-|- max < I ^ I , ip^ I 
I \z—a\ ’ \Rez\ 

if 111] 

a 1 ]TTpT jfelpT J 


ifi = 1 , 

ifi > 1 . 
(3.1) 


Imz 


c 



C \ {a: +1 

p : cc = 0, o, icy < 0} 

0 a 










Proof. By explicit calculation 


Bt{z) = 




if ^ = 1 , 


a{e-l) ( (a- 2 )^-i ) lf^>l- 


(3.2) 


Above function is well defined and analytic in the region C \ {x -h iy : x = 0, a &: y < 0}. 

On the domain C \ {x -)- fy : x = 0, a & y < 0} we have ^ < arg{z),arg{z — a) < Using 
I log = I log wl, Inx < X for X > 1 and = 1 + 7 ^, = 1 — 7 to estimate Bi(z) (for 

z G G) we have: 

\B-\(z)\ < — I 37 r-b max — , 11—H ^ ) (3-3) 


a 

1 , 

< — I 37 r -b 1 -b a max 
a 


f 

z 


z — a 

[ 

z — a 

•) 

z 


I 


z — a 


Sir + 1 

< -b max 


1 


I 


For i > 1 we have 


\Beiz)\ < 


1 


|z — a| ’ \Rez\ j 

1 I 


1 

< - 


a{£ — 1)1 \ |a — ^ 

1 1 


-b 


— 2 : 


e-i 


|£-1 


-b 


a\\a — z\'- \Rez 


\i-i 


131) . (13.41) together with (|3.2p give the proposition. 


(3.4) 


□ 
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A simple calculation provides 

Corollary 3.2. If Rez > 2M^ and \z — a\ > 2M^ with M > 1 then 


37r+l I_L 

n I 




(3.5) 


\Bi{z)\ < 

The above estimate also valid for the analytic continuation of Bi{z) on G. 

Lemma 3.3. Let K he a connected subset ofTI^, then E‘^(G^(z; n, n)) is analytic in the region 
G (defined in (jl.Sp ). 

Proof. Denote the set of all paths lying in A of length k with both initial and end point at n E A 
by r^(n)(c A^+^ C note that ffT\{n) < (2d)^+^). The Neumann series expansion of 

the resolvent for \Imz\ > 2d is 

G^{z- n, n) = {6n, m - (3.6) 

= i^n, XA(2d - A + 1/(w) - z)~^XA^n) {see ([O])) 

("(^( 0 ;) + 2d- z)-^ f;(-l)'=(xAAxA(D(a;) + 2d - 

V L_n / / 




(3.7) 


A:=0 

Which can be expressed as Random walk expansion: 

CO k 

G^{z-,n,n) = '^ Y{{Vnj{uj)+ 2d-z)' 

fc =0 7 Gr^(n) i=o 

CO k 

= Y1 ll{bnjqnjy) + 2d-z)~\ 
k=0 ry^ryn) j=0 

Here 7 = (no,ni, ■■■ ,nk) G r^(n) with \nj - nj-i\+ = 1, j = 1,2, - ■ ■ ,k. 

Denote ^( 7 , 771 ) = ^{j : Uj ^ j and nj = m} for m E note that #( 7 , 771 ) = 0 except for 
finitely many m, hence the products appearing below are finite. Also note that #( 7 ) = 

fe + 1 for 7 E r^( 77 ). Using independence of single site potentials in (j3.7p gives 


¥P{G^{z;n,n)) = 


E E El'' m qm{uj) + 2d- z) 

k=0^^T\{n) m&d. 

^ dx 




(3.8) 


E E n 

fc =0 7 er^(n) mezrf 

y dx 


lo {bmX + 2d- 2 ;)#(T':m) 


Iq {bnX + 2d- z) 


+E E n 


dx 


fc=l.ygr^(n) 

For z G G and using (13.5h and Proposition 13.11 we have 


lo {bmX + 2d- z)#(t'-™) 


E E n 

fc=0 7gr^(n) mezrf ' 


dx 


'0 {bmX + 2d- 


< 


< 


37r +1 1 


+ 


M 


00 - 


|ri(n)l 


k=iYlbm 


=zd 


(3.9) 


37r +1 1 


m 

00 


+ 


M 


4 e 


k=l 


2d 

M 


fc+i 


( > bn) 


< 00 , as M > 2d. 
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The expression J2T=oJ2yerlin)Um&zd (bmx+ 2 d-z)#(-f^^) analytic in the region G (using 
above and [71 6.2 Weierstrass M-test]) and it agrees with n, n)) for Imz > 2d. So it is 

analytic continuation of E‘^(G^(z; n, n)) in the region G. 

□ 


De fin e 


= {G^^{z-,n,n))-{5n,{V{u:) + 2d-z) ^6^) 


nsAi 


(3.10) 


oo 2 ^ fc +1 


then is analytic on G and the same estimate as we did for the second term of the RHS of 
(|3.8p gives 

\9l{z)\ < ^ b-\ C' = Y, ^ 

ngA^ fc=l 

< G {using (j2.3p l. 

Above estimate gives the uniform bound of gL{z) on G. 


, z£G 


(3.11) 


Above proposition together with Montel’s theorem (see O 2.9 Montel’s Theorem]) gives uniform 
convergence on compact sets of G (also called compact convergence) hence the corollary. 

Corollary 3.4. Every subsequence of {g^} has a further subsequence which converges compactly 
on G. 


It is easy to see that Gn (dd, oo) contains intervals I with |/| > 4d; so using (|2.17n we can choose 
E ^ G f\ {Ad, oo) such that N[{E) > 0. 

Lemma 3.5. If we choose E as described above then {/l} (fL is the density of ul) converges 
uniformly to N[ on {x : \x — E\ < 5} C M. 


Proof. Write 
where 


ImgL = ImiljL{z) - Im(j)L{z), 

'^l{z) = ^ E^(G^'^(z;n,n)), 

tigAl 


(3.12) 


^l{z) = J^Y1 (^(^) + 2d - ^) "Sn)) 

neAL ^ ^ 

^ Jo bnX + 2d- z^^' 

tigAl 

Corollary 13.41 together with Lemma lA.ll in Appendix give that every subsequence of {Irntpi} 
has a further subsequence which converges compactly on {z G C : |z — £11 < d} C C. 


But we can get the density of a measure through the imaginary part of it’s Borel 
(see m (iv), Theorem 11.6]). So we have 


fUx) 



transform 
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= —Im'ijjL{x + iO). 

TT 

Now we get that every subsequence of {/l} has a further subsequence which converges compactly 
on {x G M : |x — S| < 5}. Now using (|2.16l) 

fL ; > N[ on {x : \x - E\ < 6} C M. 


uniformly 


Complete the proof. 


(3.13) 

□ 


Remark 3.6. Analyticity of ipL implies continuity of Im'ipL in the region G. So the uniform 
convergence in (j3.13p implies continuity of N[. 


4 Exponential decay of Green’s function 

Here we study the exponential decay for fractional moment of Green function using Aizenman- 
Molchanov [T] method for the model. To estimate exponential decay of E‘^(|(G^(z;n,m)|^) we 
require the following lemma. The proof essentially follows the argument given in [ll Theorem 
II.l]. 

Lemma 4.1. For any two pair of sites n,m we have 

E-(|(G'^(z;n,m)r) <C, 

where C is a positive constant independent ofn,m and B. 

Proof. Case-I (n = m): From resolvent Identity we have 


G^{z] n, n) = 


1 


hnqn{(.^) + b 

where b is the inverse of the resolvent for the operator H‘f — bnqn{^)\bn){bn\ and is independent 
of qn- 

From above we get 


E‘^(|G^(z;n,n)F) = ^E"^ ( - - -^- 

' ^ ^ b!^ \\qn{cv) + bn^b)\^ 


(4.1) 


1 


= 

b^n 

1 

< — sup 
bn aec Jo 


dp.{qn) 


0 \qn{oj)+bn^b)\^ 

dx 


\X — Of 

< G < oo. 

In the above we used the uniform distribution of qn in [0,1], bn P ^ V n G and 0 < s < 1. 


Case-II (n 7 ^ m): From inequality II. 7 of [T] with A = 1 we have 

P(a; : | (G^(^; n, m)| > t) < : di{{Vn,Vm), S) < 

Here we used notation (for di,Vn, Vm, S) as in [U Theorem II.l]. 


(4.2) 


Now using set equality’s H.8 and inequality H.9 of [T] we get 

p(^a;:(ii((K,K*),5) < < p(|Hn - 5i(n)| < + p(^|H^ - 5i(m)| < (4.3) 
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(^IbnQn - 5’i(n)| < + ^(^\bmqm “ 5’2(m)| < 

bn\Si + ^) ^ 6 - 1(52 + ^) 

(S 2 -^) 


rOn + POn {i>2 + ^) 

/ , ^ dfi{qn) + / dn{qm) 

/' 2 V 2 2 V 2 \ 

V bnt bmt J ' 

Here we used the uniform distribution of /U on [0,1] and bn = 1 + |n|". 

Using ()4.2I1 and (|4.3p 


< 


which gives us 

poo 

E‘^(|(G^( 2 ;;n, m)|^) = / P(a; : |(G^( 2 ;; n, m)|^ > t) dt 

Jo 

poo 

= F{ij :\{G^iz;n,m)\>t^/^) dt 

Jo 


(4.4) 

(4.5) 


I 


< min I 1, 


2 V 2 \ 


bnt^/^ 




min I 1, 


2y/2 

bmt^/^ 


dt 


< Cl {hj + bj) min ^ 1 , dt 

<C'( 6 -i + 6 -i) 

= C' 


1 1 
+ 


1 + |n|" 1 + \m\ 

< 2 C' = C <00. 

From (BH) and (j4.5p we conclude the proof. 


□ 


Lemma 4.2. For any A C 2 ; G C"*", 0 < s < 1 and /3 > 0 there exists such that 

for |n — m| > Rp^g 

¥R{\{G^{z]n,m)\^) <Cp^ge-d\"\, r > 0. (4.6) 

Proof. Using resolvent equation we have 


G^{z]n,m) = 


E|n-p|=iG)(^{„^(z;p,m) 

peA 

6n9 n(w)-Z-a^ 


where 


<= G'A\{n}(UP,d)- 


p,q£A 

\n-p\=l 

\n-q\=l 

Observe that a‘f are independent of gn(w). This is the hrst step for the self-avoiding walk (SAW) 
representation of Green’s function (see m Section 4] for more details). This give 


E-[|G;i(z;n,m)r]=E‘^ 


Yl\n-p\=iG%\^^j{z-,p,m) 

peA 


bnqn{oj) - z - a\ 
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dqniuj) 


lo |&ngn(<^) - 5; - < 


Y1 \^A\{n}i^'^P^^)\' 


|n-p| = l 
PGA 


Using the inequality 


we have 


L 


^ dx 3 — s 

\x — z\^ 1 — s 


= Cs V zeC, 


a 


E“[|G^(3;n,m)|‘]<v^ E“[|GX\,„,(3;p,ra)|' 


pGA\{n} 
|n-p| = l 


< 


a 


E 

7€r(n,fc) \i=0 / 




pGA\{7o,---,7fe} 

^ I7fe-Pl=l 


\ 


/ 


\n-m\ 

<2dC' [J ^<2dC' Y 

7Er(n,|n—m|) 7Er(n,|n—m|) 

where C' is the constant coming from lemma [ITT] and r(n, k) are self avoiding paths (i.e for any 

7 G r(n, k) and i ^ j we have 7 ^ 7 ^ 7 j) starting from n of length k. Choose R = [2dCse^) ““, 
and choose n, m such that |n — m| > R^'^. Then using the inequality In bn > max{Q! In |n|, 0} we 
have 

\n—m\ \n—m\ 

\n — m\ ln{2dCs) — sa Y^ l7*l < — m| \Ti{2dCs) — sa E In It I 


i=0 


i=0 

l7i|>« 


< |n — m| \-a.{2dCs) — (|n — m| — R!^) In {2dCse^^ 

= —/3|n — m| + i?'^ln {2dCse^'^ . 

Combining both of them: 

E‘^[|Gyz;n,m)n < 2dC'(2dC,e^)'^"e-^l"-™l. 

2d 

So setting Rp^g = (^2dCse^) , we get a constant Cg^p such that for |n — m| > Ep^g we have 

E‘^[\Gt{z;n,m)\^]<Cg,pe-<^\^-^\. 


□ 


Remark 4.3. From the Lemma [ 7 ^ together with Simon-Wolff criterion \3'T\ Theorem 12.5] it 
follows that for almost alluj the entire spectrum of is pure point, i.ea{H‘^) = app{H‘^) a.e oj. 
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5 Proof of Theorem 11.3 


Here we exploit Minami’s ([M]) idea to prove the main result. Divide into Nf^ numbers of 
disjoint cubes Cp, (p = 1,2, • • • , N'l) with side length i.e 


Dehne 


Al = lApCp with \Cp 


h2L + lV 


(5.1) 


dCp = {n G Cp : 3 n' G \ Cp such that \n — n'\ = 1} 


int{Cp) = {n G Cp : dist{n,dCp) > II}. 

here we take II = S InL, 5 > 0 large enough and ~ (2L + 1)^, 0 < e < 1. Dehne the point 
process associated with as 

''1l,p,E = X/ (5-2) 

Note that the matrices {H^^}p are statistically independent, the proof follows in two steps: 


Step 1: In this step we show that and {YlphL p e} converges to same limit in the sense of 
distribution. For this one has to verify: 


lim 

L—>-oo 


_ p- Ep / fd-'lL,p,E 


= 0 for f eCc 


(5.3) 


The linear combination of the functions (pzix) = z G C"*" are dense in L^(M) (for more 

details we refer to m Appendix: The Stone-Weierstrass Gavotte]). Also note that |e ^ —e ^| < 
\x — y\, x,y > 0. So to prove (|5.3p . it is sufficient to prove 


lim 
L —^oo 


4>zdCt,E ~ ^ J 4>zdr]L^p^E 


= 0 . 


(5.4) 


Since A^ is the disjoint union of Cp (p = 1, 2, • • • , Nf^), we have (denote zl = E + L °‘'iz) 

J 4>zdCt^E ~ ^ J 4>zdr]E, 


‘,P,E j^d-c 

1 

“ Id-c 


Tr(lmG^^{zL)j —'^^Tr(lmG^^{zL) 

\ p ^ 


(5.5) 


ImG^^ {zL','n,n) — ImG'"^ {zL',n,n) 


kEE 

p n^Cp 

For z G and n G int{Gp), the resolvent equation gives us 

G^^{z-,n,n) — G^p{z;n,n) = ^ G^^{z;k,n) G‘^p{z-,n,m), 

(m,k)£dCp 

here (m, k) G dGp means m G dGp, A; G \ Cp with |m — A:| = 1. Using the above perturbation 
formula in ()5.5p we have 

(pzdf.^E-'^ f (l^zdyt,p,E < Y [lrnG^^{zL]ri,n) + IrnG^kzL-,n,ri)] 

P P n£Cp\int{Cp) 

(5.6) 

h^Y Y Y \G^'^kL]k,n)\\G^kzL;n,m)\ 


+ 


Ld-c 


P n£int{Cp) {m,k)^dCp 
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(5.7) 


= Al + Bl. 

estimating and Bl as follows 


^‘^{Al) < 


Ld-a 


Y1 Y1 (seedlSD) 


P nGCp\int{Cp) 


= (6„ = l + |nr) 

= 0{NlL-Hl). 

= 0{L-^^-^hnL), NL = i2L + lY, 0 < e < 1. 


and 


< j-^Yl Y1 Y1 \G^^izL]k,n)\'' \G^^{zL-,k,n)\^^ \G^p{zL]n,m)\, 0<s<l 


P n(iint(Cp) {m,k)^dCp 


(5.8) 

Since n G int{Cp) and {m,k) G dCp so we have \n — k\ > II > 2R for large enough L. So 
Proposition 14.21 gives 

lK‘^{\GUzL-,k,n)\^) <Ce-^'P 

Using above estimate in ()5.8p we have 


E‘^{Bl) < 


c 


L<^-a\ImZL\ 


2—s ^ 


(2L + iy (2L + 1 


V Nl 


Nl 


d-l 


he 


-rlr 


Using Nl = {2L + 1)^, 0 < e < 1, Zl = 5lnL 5 > 0 and ImzL = L in above we get 

E‘^{BL) = 0{L-hnL), (5.9) 

where 5 = r5 — [2d — 1 + {1 — s){d — a) + e(l — d)] > 0 with 

5 > -[2d — 1 + (1 — s)(d — a) + e(l — d)]. 
r 

Now we conclude (j5.4p from p5.7p . p5.9p and (15.6p . 

Nl 

Step 2: In this step we show that '^^rjL^p^E converge weakly to Poisson point process with 

p=i 

intensity N[{E)dx. First we show that the triangular array {r/L,p,E : P = 1,2, ••• is 

uniformly asymptotically negligible. For this one need to show 


lim supP(r/;^^p E(/) > l) = 0 


L —^oo 


(5.10) 


for any bounded interval I (see [ISl equation (11.2.2)]). 


Nl 


To show ''^^r]L,p,E converges weakly to Poisson point process we us [I5l Theorem 11.2.V]. For 

p=i 

that we need to verify: 


Nl 


^^P’(dL,p,£;(-^) ^ 2) — 0, as L —)• oo 

p=i 


(5.11) 
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and 


Ni 


as L^oo. 

p=i 

For any bounded interval I. 

The condition (|5.10p is obtained using Wegner estimate (j2.7p as follows: 

= E‘^[TrEH^ {E + L-^'^-^h)] 

1^1 


(5.12) 


Ld-c 


E(i + 


n 


a', —1 


n&Cp 


2L + 1 
Nl 


d—a 


So pb.lOp is immediate. 


The following expression is very useful to verify (15.IIP and (I5.12p . 

HvIpM^) > 1) = E‘^[rjlp,E{I)] - Y.^{vt,p,EiI) > j)- 


(5.13) 


i>2 


The Minami estimate p2.8jl give the estimate for the second term of RHS in the above equation. 

J2^{vIp,e{I) > j) = = j) (5-14) 


i>2 


i>2 

<^jij-inr^lp,EiI)=j) 

i>2 

= E‘^[rjt,p,Emvlp,EiI)-^)] 


= E"" 


TrEn^ {E + R-^'^"")/) i TrEn^ {E + L-('^-“)/) - 1 




n 


^-1 \I\ 


n&Cp 


Ld-c 


{see p2.8l) l 


= O 


= 0 N 


2L + 1 
Nl 


T—2(d—a) 


d—a 


L-{d-a) 


The above estimate immediately give 






(5.15) 


p j>2 

Since LHS of (15.lip is dominated by the LHS of above, so we conclude (15.1111 . 
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(5.16) 


Now (15.4p also holds for characteristic function, so using Lemma 13.51 we get 


L —^oo 


= lim ( TrEni^ {E + ) 

L —^oo \ / 

= lim L^-^el(E + (seeds 
L —^oo 


= lim “ / fL{x)dx 

L^OO J 

= lim [ /l(L;+ L-y)dy 

L^ooJi 

= N[{E)\I\, (see dsn ). 

Using (|5.15l) and (|5.16l) in (|5.13l) we get (|5.12l) completing the proof. 


□ 


A Appendix 


Define 


1 X 

Mz) = j^Yl / h r zU ^d = z-2d 

C = lim — 3 — --j—j— ( 

L^oo ^ 1 + n " 

nGAi 

Note that G (Z {z : Rezd > 0} \ {(1 + |n|") : n G Z'^}. 

Lemma A.l. Im(j)E{z) —C'/mln(— uniformly over compact sets in the domain {z : 

Rezd > 0} \ {bn + 2d : n £ Z'^}. 


dx 


and 


see 


Proof. By explicit computation one have: 


1 — ln( —1 ln(l + |n|“) 1 y^ i 

n£Ai^ uGAl 


Id-a ^ 1 + Ini 
tigAl 


1 + Inla 


We need Imcfi which is 


^ 1 \ 1 _^ 

ImMzd) = -Imlni-Zd) | Y1 J 

J nGA^ 


-Imln ( 1 — 


ugAl 


n 


+ n 1 


1 + |n| 


estimating the second term of RHS in the above 

1 


l^d-a Y _|_ o \ ]_ _j_ I 

nGAi^ ' ' ^ ' ' 


< 


J^d-c 


E 

-iGA X 
l^til“ 


1 Infl- 


1 + u, 


1 + nr 


(A.l) 

(A.2) 
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1 


+ 


Ld-c 


E 


‘ Infl- 


Note that on a compact subset of the given domain 


C{z) = 


14- 


neA 


n.6Ai\A j_ 




1 + n 


1 + nr 


. , , In 1 - ^ , , 

1 + n " V 1 + n ' 


where M is independent of L, and so goes to zero uniformly on compact subsets of the 

given domain. 

We observed that on a compact set < 1 all most all n G but finitely many n. Next 

using I ln(l — z)\ < | 2:|(1 — |z|)“^ for \z\ < 1 we get the following estimate on a compact subset 
of the given domain. 


< M 


(A.3) 


Ld-a 


E 


1 


nGAi\A 1 

\z\a 


1 + nr 


In 1 - 


Zd 


1 + nr 


< 


1 


E 


\zd\ 


l,d-a n _|_ I X + Ini 

neAi\A 1 ^ I I r \ II 

l^til“ 


1 - 




(A.4) 


= 0(L-"). 

Now using (IA.2p . (lA.3h and (IA.4p in (lA.ip we get 

Im(j)L{z) ——y —CImln{—Zd)- 

uniformly 

The above convergence is uniform on compact subsets of 

{z : Rezd > 0} \ {(1 + |n|") : n G Z'^}. 


□ 


Acknowledgement: The authors are indebted to Prof Krishna Maddaly for go through the 
proofs carefully and making valuable comments. 
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